We show how it is possible to derive partial differential equations from the third integral of motion of galactic orbits. An example is given in the case of orbits near the inner Lindblad resonance. In this case, a Sine-Gordon equation is derived. Applying the third integral on a string of stars having as initial conditions the successive consequents of one orbit on a Poincaré surface of section, a discrete set of Sine-Gordon equations is derived corresponding to a Frenkel-Kontorova Hamiltonian system. Analytical soliton solutions are derived. In particular, we show that breathers can be formed in galaxies by collections of orbits. A good agreement between analytical and numerical solutions is found.
I N T RO D U C T I O N
The stability of structures such as bars or spiral arms in galaxies is one of the most interesting problems in galactic dynamics. Efforts to explain the stability of spiral arms give less stable structures than expected from the frequency of their observed occurrence. In reasonable galactic models, spiral arms can survive for no more than several rotational periods (five to six); see, for example, Thomason et al. (1990) , Elmegreen & Thomason (1993) and Patsis & Kaufmann (1999) .
As is known, bars and spiral arms are maxima of density composed of different stars at different times, that is, they are maxima of density waves travelling along the azimuthal direction with pattern velocity which is different in general than the mean angular velocity of stars. This mechanism implies some phase correlations in the motion of stars in the galaxy. The main reason why bars or spiral arms can be destroyed is because of the dispersion of velocities among stars that does not allow particular phase correlations to live for long.
A well-known mechanism able to suppress the consequences of dispersion in dynamical systems composed of many particles is the competition of the dispersion with the non-linearity of the dynamical system. Such a competition is responsible, for example, for the robustness of solitons. If spiral arms are formed by density waves of a solitary nature, we expect to have increased robustness com-E-mail: nvogl@cc.uoa.gr pared with the linear waves. A special class of localized soliton-like solutions are breathers (see, for example, MacKay & Aubry 1994).
Solitons are solutions of non-linear integrable partial differential equations (PDEs). These solutions represent localized (not very extensive) waves travelling in a medium and preserving their identity (their basic parameters) even after interactions with other similar waves.
Non-linearity appears in nature almost everywhere, while integrability is not very common. In most cases, non-linearity leads to non-integrable dynamical systems. Non-integrability is characterized by chaos, i.e. a sensitive dependence on the initial conditions expressed by an exponential divergence of initially neighbouring orbits. Thus, the question arises: is non-integrability compatible with solitons?
Non-integrable systems contain both stable and unstable periodic orbits. Chaos appears only around the unstable periodic orbits. Around the stable periodic orbits, the equations of motion are nearly integrable. It is worth looking for the possibility that solutions of integrable PDEs can describe the basic features of the behaviour of the dynamical system around stable periodic orbits.
The behaviour of a dynamical system around stable periodic orbits is well known. Due to the KAM theorem, a stable periodic orbit is surrounded by invariant tori. Motion on these tori is regular, i.e. it resembles the motion in an integrable system. The respective integral, which keeps the motion on a torus, is the so-called 'third integral' (Contopoulos 1960) .
If the theory of solitons can describe the behaviour of a dynamical system in the areas of regular motion, then this theory must be directly related to the theory of the third integral. Can we produce integrable PDEs and soliton solutions from the third integral?
In this paper we show how this can be obtained. For this purpose, we use the epicyclic theory of the motion of stars in galactic potentials. Such potentials correspond to non-integrable dynamical systems. The motion of stars in galaxies can be either regular or chaotic, depending on the particular location in their phase space. The level of chaos, however, is low. We have found, for example, (Voglis, Kalapotharakos & Stavropoulos 2002 ) that the mean exponential rate of divergence -the finite time Lyapunov characteristic numbers (FT-LCN) calculated for periods of many Hubble times -of chaotic orbits in galactic N-body simulations is always less than 0.1, in units of the inverse dynamical time of a galaxy. This corresponds to a Lyapunov time (the time necessary for chaos to be effective) of the order of more than 10 dynamical times. A black hole at the centre of the galaxies can enhance the level of chaos, but even in the case of a huge black hole (e.g. of a mass of 1 per cent of the total mass of the galaxy), only a very small number of stars describe orbits with FT-LCN somehow larger than 0.1 (Voglis et al. 2003) .
In such an environment where order or weakly chaotic motion dominates, it is possible to define non-linear waves, as we see below.
In Section 2 we summarize the linear theory of the epicyclic motion and we show how a Klein-Gordon chain can be defined in terms of the Poincaré surface of section (PSOS). Section 2 mainly provides the definitions and an understanding of the role of various quantities in the problem. In Section 3, we discuss the non-linear theory near the inner Lindblad resonance (ILR) in galactic models, briefly reviewing the paper by Contopoulos (1975) . In this paper, Contopoulos, using post-epicyclic approximation terms, derives a third integral describing the motion of stars near the ILR. In Section 4, we show that a Sine-Gordon PDE and a corresponding Hamiltonian density can be written, based on . When is applied for an infinite sequence of stars on the PSOS a Frenkel-Kontorova Hamiltonian (Frenkel & Kontorova 1939) can be constructed. The corresponding equations of motion are an infinite set of discrete Sine-Gordon equations which admit discrete soliton or discrete breather solutions. Analytical soliton or breather solutions are given in Section 5 and a comparison with a numerical application is given in Section 6. Our conclusions are summarized in Section 7.
L I N E A R E P I C Y C L I C WAV E S
In a rotating galactic model (either barred or spiral) with a plane of symmetry (r, θ ) in polar coordinates, the motion of stars on this plane can be given by the Hamiltonian
where p r =ṙ is the momentum conjugate to the radius r, J 0 is the angular momentum of a star with respect to an inertial frame, V 0 (r ) is the axisymmetric component of the potential, V 1 (r , θ) is the perturbation of the potential due either to the bar of the galaxy or to the spiral arms that form a pattern rotating with angular velocity s . H 0 is the unperturbed (axisymmetric) part of the Hamiltonian. We define a Cartesian coordinate system XY rotating with the pattern, i.e. with angular velocity s . The polar angle θ is measured in the frame XY from the X-axis.
In the unperturbed potential V 0 (r ), a star of H 0 = h (the Jacobi integral) and angular momentum J 0 = J c describes a circular orbit with radius r c such that
where r c is the root of the equation
We define the radial action J 1 as
and the azimuthal action J 2 as J 2 = J c . If the unperturbed part H 0 of the Hamiltonian (1) is expanded up to the linear terms in the radial action in Taylor series around the radius r c , it becomes
where ω 1 is the epicyclic frequency given by
(a prime denotes the derivative with respect to r).
In terms of the radial epicyclic coordinate x = r − r c and its conjugate momentum p, the radial action is
The guiding centre (i.e. the centre of the epicycle) describes the circular orbit r c with respect to an inertial frame with angular velocity
while with respect to the rotating XY frame with angular velocity
The epicyclic angle θ 1 and the azimuthal angle θ 2 , conjugated to J 1 and J 2 respectively, are determined by the equationṡ
from which we obtain
where t a is a constant. The azimuthal angle θ 2 gives the position of the guiding centre of the epicycle. We can define the origin of θ 2 so that the guiding centre crosses the X-axis at t = 0.
The angle θ 1 is the phase angle on the phase space (x, p/ω 1 ), (Fig. 1a) . This angle measures the phase of the star on its orbit. For example, if we define θ 1 so that θ 1 = 0 when the star is at its apocentre, then, when θ 1 = π, the star is at its pericentre. All other values of θ 1 cover the intermediate phases. Under these definitions the constant t a is the time when the star reaches its apocentre.
If ξ is the value of θ 2 at the time when the star is at a particular phase of its orbit, e.g. at its apocentre, then ξ = ω 2 t a (Fig. 1b) . The epicyclic angle θ 1 can be written as
where k = ω 1 /ω 2 . The epicyclic coordinate x and its conjugate momentum p are expressed in terms of the action J 1 and the angle θ 1 as 
The angle ξ can be used as an independent variable. Let us consider a continuous sequence of stars with the same actions J 1 and J 2 , but with their apocentres uniformly distributed along the values of ξ at a given time. All these stars follow the same orbit but with different initial phases. According to equation (13), their motions (in and out of the circular orbit r c ) form a continuous sinusoidal wave, with wavenumber k, travelling along the ξ -axis.
We can easily show that equation (13) is a solution of the KleinGordon wave equation
Consider a PSOS of the orbit of a single star, with actions J 1 and J 2 , when for example θ 2 = 0, that is, when the star crosses the positive X-axis with a positive velocity component along the Y-axis (Ẏ > 0). If the star starts from its apocentre on the above PSOS, then at t = 0, θ 1 = 0 and θ 2 = 0. This means that the value of ξ for this star is ξ = 0. For irrational values of k = ω 1 /ω 2 , the successive consequents of this orbit on the PSOS, that occur at times t n = 2πn/ω 2 with n = 0, ±1, ±2, . . . , belong to an invariant curve of action J 1 on the plane (x, p/ω 1 ). The rotation angle of these consequents on the invariant curve is θ 1 and takes the values
Consider now an infinite sequence {n} of stars numbered as n = 0, ±1, ±2, . . . with the same actions J 1 and J 2 , having as initial conditions (at t = 0) the above consequents. From equations (12) and (16) we obtain
Therefore, the epicyclic angles of these stars as functions of time are
and their equations (13) and (14) become
Equation (19) describes a discrete sinusoidal wave travelling along a one-dimensional grid of particles. This equation is a solution of the discrete set of Klein-Gordon ordinary differential equations
where ω is given by the equation
For k 1, the parameter ω tends to the value of ω = √ 2ω 1 . It is remarkable that the second term in equation (21) represents a phase interaction between neighbouring stars in the sequence, as if this interaction were due to repulsing elastic forces. The physical meaning of this interaction is that a displacement in the phase of one star on the invariant curve causes displacements of the phases of the neighbouring stars on the same invariant curve.
Thus, up to now, we have shown that using the invariance of the epicyclic action J 1 and the azimuthal action J 2 , we can define continuous epicyclic waves satisfying a Klein-Gordon equation (15). Furthermore, in terms of the PSOS, we can construct a Klein-Gordon chain of stars satisfying a corresponding set of ordinary differential equations (21). The above theory can be generalized in the non-linear case, as described in Section 4.
N O N -L I N E A R E P I C Y C L I C M OT I O N N E A R T H E I L R
Any perturbation V 1 (r , θ) imposed on the axisymmetric potential V 0 (r ) can be analysed in Fourier modes (Kalnajs 1971 )
where is a small positive quantity, and l and m are integers. For the orbits near the ILR, the most important term of the Fourier modes in the expansion (23) (the mode that can pump more energy on such orbits than all other terms) is the term with l = 1 and m = 2, i.e. the term
This is the resonant term in the ILR. The angle ψ is defined as
In the unperturbed case, using equations (11) and (12) we obtain
If an orbit is exactly at the resonance (ω 1 − 2ω 2 = 0), we obtain
This means that the angle ψ for this orbit is constant and determines the orientation of the major axis of the orbit. For other orbits near to the resonance, however, the angle ψ varies slowly withψ measuring the slow precession of the major axis of the orbit. For this reason, the angle ψ is called the 'slow angle' or 'precession angle' (Lynden-Bell 1973 Contopoulos 1975; Palmer 1994) . Notice that on the PSOS at θ 2 = 0 (described in the previous section) the angle ψ coincides with the epicyclic angle θ 1 .
Using post-epicyclic approximations, Contopoulos (1975) has shown that the Hamiltonian (1) can be written in the form
(28) where
is the radial action (exactly the action J 1 defined in Section 2). The azimuthal action I 2 in the Hamiltonian (28) is the excess from the angular momentum of the circular orbit
which is of the same order as J 1 . The frequencies ω 1 and ω 2 have the same meaning as in Section 2. Contopoulos (1975) shows that, near the ILR under proper canonical transformations, the Hamiltonian (28) leads to an equivalent Hamiltonian H up to terms of O( )
where (J 1 , ψ) is a third integral given by
describing the epicyclic motion near the ILR in post-epicyclic approximation terms. In this expression, 1 is a small positive constant proportional to of equation (23), γ is defined as
and α, c, J 20 are constants. The azimuthal action is
the so-called 'fast action'. Its conjugate fast angle ψ 2 (equal to the azimuthal angle θ 2 ) is an ignorable variable in the Hamiltonian (31). Therefore, the azimuthal action J 2 is constant and the problem, up to terms of O( ), is integrable. The angle ψ is the slow angle given by equation (25) . Its conjugate action is J 1 , which can be written as
in terms of the epicyclic coordinate
and its conjugate momentum
In terms of x and p, the third integral (32) is a fourth-order polynomial. A periodic orbit of the system is located at an extreme value of (J 1 , ψ). In other words, periodic orbits are found as the roots of the algebraic system
where the index denotes the corresponding partial derivative. A root of this system gives a stable or an unstable periodic orbit depending on the sign of the quantity S = xx pp − 2 xp (stable for S > 0). For sufficiently small values of the perturbation parameter 1 , the system (38) has only one real root giving a stable periodic orbit called x 1 , while for larger values of 1 three roots appear, by a saddle-point bifurcation, giving two stable orbits called x 1 and x 2 and one unstable orbit called x 3 (see figures 1a and b in Contopoulos 1975).
A S I N E -G O R D O N E Q UAT I O N
The equations of motion derived from H in equation (31) givė
where
and A is the derivative of A with respect to J 1 . The second time derivative of ψ obeys the pendulum equation up to O( 1 ) terms, i.e.
A pendulum equation similar to equation (43) is known in galactic dynamics (see, for example, Palmer 1994) derived by different arguments. It expresses the possibility that an orbit precesses so that its major axis either librates around a fixed direction at ψ = π, or rotates around the centre of the galaxy. When the three periodic orbits x 1 , x 2 and x 3 appear, we can find both librating and rotating orbits with two separatrices between them passing through the unstable x 3 (see figure 1b in Contopoulos 1975) .
If equation (43) is integrated once we obtaiṅ
where C is the constant of integration. This constant is a measure of the value of the third integral (J 1 , ψ) at a given orbit. It can be easily shown that, up to terms of O( ),
As is well known, in the general case (for any value of C) equation (45) separatrix, ψ reaches the value ψ = 0 withψ = 0, thus we obtain C = ω 2 0 . For this value of C, the solution of equation (46) is
where t 0 is the time when ψ = π. On the PSOS (θ 2 = 0) this value of ψ, according to equation (36), corresponds to the pericentre of the orbit, because x becomes minimum. The value ψ = 0 corresponds to the apocentre of the orbit. Such an orientation of an orbit on the separatrix is approached as time goes to infinity. If ξ is the value of θ 2 = wt at t = t 0 , we obtain
We consider a continuous sequence of stars with the same constant C = ω 2 0 (on the separatrix) with characteristic phase angles φ = ω 0 t − k 0 ξ . Equation (49) represents a kink or antikink soliton travelling along ξ and is a solution of the Sine-Gordon wave equation
The Lagrangian density function from which this equation can be derived is
and the corresponding Hamiltonian density is * =ψ
It is easy to show that this Hamiltonian density can be expressed up to O( ) in terms of the constant C, or in terms of the third integral in equation (46) as
(53) If we consider the sequence {n} of stars starting at t = 0 with ξ = −2πn, n = 0, ±1, ±2,... , i.e. on the separatrix of the PSOS as described in Section 2, equation (49) becomes
Because k 0 1, this is a solution of the discrete set of the ordinary Sine-Gordon equations
These equations can also be derived directly from a FenkelKontorova Hamiltonian resulting from the Hamiltonian density (52), if we replace the partial derivative ψ ξ by its discrete equivalent and we sum over all the stars of the sequence {n}. Thus, we obtain
If ψ n is a periodic function with frequency ω and amplitude X n , i.e. ψ n = X n exp ωt the dynamics of ψ n in equation (55) can be studied through the following map produced by direct substitution in equation (55) 
where K = 2 (ω 0 T ) 2 and = (ωT ) 2 , with T = 2π/w.
A NA LY T I C A L S O L U T I O N S
If we make the transformation
the Sine-Gordon equation (50) after a first integration becomes
where c is the integration constant and c −1. The solution of this equation is given by the Jacobian sn-oidal elliptic functions. Namely, if
the solution is given by
This solution for ψ is a soliton travelling along ξ with velocity dξ/dt = k 0 /ω 0 = w. Using equations (25) and (39) the epicyclic coordinate x = x m cos θ 1 can be expressed as (62) where x m = √ 2J 1 /ω 1 is the amplitude of the epicyclic coordinate x. This amplitude varies because the action J 1 is a function of time according to equation (41). Integrating equation (41) we obtain
where x 0 is the epicyclic coordinate for ψ = 0 and β is the amplitude of the variations of x m around the value of x 0 . The proper choice of sign in equation (63) depends on the sign ofψ (minus forψ < 0). From equation (61) we have
For m 1, we obtain the harmonic oscillation limit
In the particular case of m = 1, the motion occurs on one of the two separatrices. In this case, expressions (64) and (65) become
Let R g be the radius of the circle described by the guiding centre. The radius R 3 to a star describing the unstable periodic orbit x 3 can be approximated by
The radius to any star describing an epicyclic motion with the same guiding centre can be written as
For the stars moving on the separatrix surrounding the periodic orbits x 2 (whereψ < 0) the correct sign in equation (63) is (−). In this case, the difference R = R − R 3 = x m cos θ 1 − x 0 cos 2wt can be written as
The right-hand side of equation (71) represents a breather (composed of two simpler superposed breathers). This is a breather of a continuous sequence of stars along ξ . For the discrete sequence {n} of stars, the angle φ is
In this case, we have a discrete breather on a one-dimensional grid of stars, similar to breathers found in other branches of physics. The study of discrete breathers is currently a very active field of research (see, for example, Takeno, Kisoda & Sievers 1988; Aubry 1994; MacKay & Aubry 1994; Flash & Willis 1998; Bountis et al. 2000; Kevrekidis, Saxena & Bishop 2001; Tsironis 2002; Bountis et al. 2002) . One-dimensional discrete breathers are defined as common frequency oscillations of a not very large number of particles localized in a region of an infinite grid of interacting particles. The localization is due to the fact that the amplitudes of the oscillations decrease exponentially with the distance from a given point of the grid due to the non-linearity of the potential. Discrete breathers can be either stationary, remaining at the same region of the grid or they can travel along the grid. In the present case, the breather travels along −n with a phase velocity dξ/dt = −2π n/ t = ω 0 /k 0 = w.
A N U M E R I C A L A P P L I C AT I O N A N D C O M PA R I S O N W I T H T H E A NA LY T I C A L R E S U LT S
We present below a comparison of the above solution (71) with the numerical calculations in a particular galactic model. In this model, the axisymmetric component of the potential is taken to be the wellknown isochrone model
on which a bar-like perturbation (74) is superposed. This model has been used by Contopoulos & Papayannopoulos (1980) in studying galactic orbits in weak and strong bars. The adopted values of and s are = 0.00001 and s = 0.05. For a value of the Jacobi constant h = −0.28, motion occurs near the ILR. The three periodic orbits x 1 , x 2 (stable) and x 3 (unstable) on the XY plane are shown in Fig. 2 , while the corresponding PSOS (X,Ẋ ) is shown in Fig. 3 . In this figure, the axes are X = R g + x andẊ =ẋ. (73) and (74) for h = −0. 28. The three periodic orbits x 1 , x 2 and x 3 are at X = 1.03, X = 1.82 and X = 2.33, respectively, withẊ = 0. Dots represent the successive consequents of an orbit starting on each separatrix. The dots on the separatrix surrounding x 2 are the initial conditions of the chain of stars forming the breather shown in Fig. 4 .
This system is non-integrable. For the above choice of parameters, chaos in the region of the unstable orbit x 3 at (X 3 ≈ 2.33,Ẋ = 0) is very small, so that it can be neglected. The stable periodic orbits x 1 and x 2 are at the centres of the two islands at (X ≈ 1.03,Ẋ = 0) and (X ≈ 1.82,Ẋ = 0), respectively. These islands are limited by two separatrices. (In fact, what we call a separatrix here, is a very thin homoclinic tangle formed by the unstable and the stable asymptotic curves emanating from the unstable periodic orbit x 3 .) The dots in Fig. 3 correspond to the successive consequents of a single orbit on each separatrix.
Let us focus on the points of one separatrix only, for example, the separatrix surrounding the periodic orbit x 2 . We number these consequents as n = 0, ±1, ±2,... composing the sequence {n} of stars. The consequent n = 0 is atẊ ≈ 0 and X min = 1.27. Positive or negative n means a consequent in the future or in the past, respectively, relative to the consequent at n = 0.
We run simultaneously the orbits of a chain of 2n max + 1 = 145 stars with initial conditions the above consequents and we calculate
where R n (t) is the radial distance from the centre at time t of the star n and R x 3 (t) is the same as R n (t), but of a star moving exactly on the unstable periodic orbit x 3 . In Fig. 4 the line with dots gives R(n, t) as a function of n at four snapshots at times t = 0, T /8, 2T /8 and 3T /8, where T is the azimuthal period corresponding to the frequency w. The thin solid line gives at the same times R as a function of ξ evaluated from equation (71) . The values of x 0 and β are taken from the data of Fig. 3 . They are x 0 = 0.65 and β = 0.24. The agreement between the numerical R(n, t) and the analytical R is quite good. The small differences are mainly due to the approximate representation of the orbit x 3 by equation (69) but also to the fact that the analytical solution contains only O( ) terms. Similar results are found if we consider the other separatrix of Fig. 3 .
We see therefore that proper chains of stars can form breathers travelling along the chain with a speed w equal to the angular velocity of the guiding centre. The chain of stars used in the numerical breather of Fig. 4 is shown in real space in Fig. 2 at t = 0, T /8, 2T /8, 3T /8 and T /2. The stars of this chain lie initially (t = 0) on a straight line along the X-axis. The chain evolves to a loop at T /4 and forms again an almost straight line along X at T /2 and so on, being successively inside or outside the unstable periodic orbit x 3 .
If the sequence {n} of stars is defined with initial conditions on any invariant curve of Fig. 3 , then sn-oidal solitons are formed according to the solution (61) travelling along the chain of stars with velocity w. In other words, stars pass through a constant phase φ of the soliton with speed w. This means that a constant phase φ is stationary with respect to the X-Y frame. This is a very convenient property to define non-linear density waves or solitary density waves in galaxies.
S U M M A RY A N D D I S C U S S I O N
We have shown that on the basis of the third integral it is possible to write PDEs, governing the motion of stars in galactic models. In other words, we have shown how we can pass from the theory of orbits to the theory of non-linear waves. The fact that the third integral can be directly related to the theory of solitons joins different points of view and bridges two different fields of experience.
In particular, in the case of the ILRs, a Sine-Gordon PDE is derived for the slow angle of precession of the orbits. The corresponding Lagrangian or Hamiltonian densities are given. Using the successive consequents of an orbit on the PSOS, we can define a Klein-Gordon chain of stars, that is, a one-dimensional grid obeying a Frenkel-Kontorova Hamiltonian.
Breathers can be constructed in galactic models for sets of stars on the separatrices of unstable periodic orbits. An analytical breather solution is obtained near the ILR which is in good agreement with the corresponding numerical results.
This analysis opens the possibility that collections of orbits forming solitons and breathers can be superimposed, instead of single orbits, to construct bars or spiral arms in galaxies. This approach takes into account the fact that many stars in a galaxy can move in phase correlated orbits, consistent with the structure of phase space. Such collections of stars resist dispersion as long as the third integral is conserved. This feature is important for non-linear density waves, which can form longer living patterns. The PSOS is only used as a tool to realize the phase correlations of orbits. Notice that the distribution of stars along an invariant curve can be far from uniform, seriously deformed by the non-linear effects, and this is also taken into account. In this aspect, the solutions of solitons and breathers, we have found, are more natural building blocks of nonlinear density waves.
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